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Abstract The transport behavior of a migrating particle in a disordered medium is exhibited
in the solution of a transport equation derived from a coupled continuous time random walk
(CTRW). A core aspect of CTRW is the spectrum of transitions in displacement s and time t ,
ψ(s, t), that characterizes the disordered system, which determine the transport. In many
applications the CTRW approach has successfully accounted for the anomalous or non-
Fickian nature of the particle plume propagation based on a power-law dependence ψ(t) in
a decoupled p(s)ψ(t) approximation to ψ(s, t). For example, this power-law dependence
in t derives from the complex Darcy flow fields in geological formations. Recently, the fully
coupled CTRW was analyzed using a particle tracking approach, demonstrating that the
decoupled approximation is valid only for a compact distribution of s. In this paper we solve
the nonlocal-in-time transport equation with a ψ(s, t) containing a power-law dependence
in both s (a Lévy-like distribution) and t , which necessitates the strong s, t coupling. We
show enhanced transport behavior (relative to the plume propagation behavior reported in
the literature) that derives from the rare large displacements in s (limited by the transition t).
The interplay between the two coupled power laws is clearly shown in the changes in the
breakthrough curves in the arrival times, dispersion and dependence on the velocity (v =
s/t) distribution. Similar enhancements are exhibited in the particle tracking results.
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1 Introduction

An intrinsic feature of a disordered system is the broad spectrum of transfer rates encoun-
tered by a migrating particle [6]. These rates could involve charge transfer between mole-
cular sites in a doped polymer [25] or displacements in a complex Darcy flow field in a
geological formation [4]. This type of spectrum typically contains statistically rare trans-
fers that can have a large effect on particle transport, leading to anomalous (or non-Fickian)
dispersion. Therefore theoretical modeling of this phenomenon must incorporate the entire
spectrum of transfer rates.

We have used the approach of a continuous time random walk (CTRW) and placed at its
core a spectrum represented as a joint probability density ψ(s, t) of random space displace-
ments s and transfer times t [4]. The use of the CTRW to model chemical plumes migrating
in the complex saturated flow fields of geological formations, containing heterogeneities
over multiple length scales [11, 13, 17], has utilized the time spectrum in a decoupled mode
ψ(s, t) = p(s)ψ(t). Here ψ(t) contains a power law region as the source of the anomalous
transport behavior, especially the significant effect of infrequent large time transitions, e.g.,
due to an encounter with a low velocity zone.

The application of the CTRW involves a nonlocal-in-time integro-differential transport
equation (referred to as the CTRW partial differential equation, CTRW pde). The deriva-
tion of this equation is a Fokker-Planck expansion of a Generalized Master Equation, whose
origin is the ensemble average of the Master Equation [23] which contains all of the afore-
mentioned transfer rates, denoted w(s, s′) for a transition between s and s′ [2]. The solution
of this CTRW pde for the decoupled p(s)ψ(t) has enabled an accounting of a wide range
of unusual transport phenomena in experimental observations in the laboratory and at the
field scale [4]. In this context, numerical simulations of a spectrum of local transfers, de-
rived from local displacements and velocities, have been used to obtain ψ(s, t) on the field
scale [10], the pore scale [5], in two-dimensional random fracture networks [2] and in ide-
alized conductivity fields [12, 26].

The CTRW pde with the decoupled p(s)ψ(t) has the form of a convolution of the
advection-dispersion equation with a memory function. But the nonlocal-in-time equation
with a fully coupled ψ(s, t) has a more general form and can admit to a greater range of
chemical plume propagation. The CTRW framework generally emphasizes the significant
effect of statistically rare large time transitions, e.g., due to an encounter with a low velocity
zone (i.e., a high inverse velocity ξ ≡ 1/v, where v = |v| is the absolute particle velocity).
This encounter is enhanced if the ξ -dependence of the velocity distribution function �(ξ)

is a power-law tail. However, another possibility for a significant statistically rare event is
a large displacement (compared to the median displacement) if a system, e.g., a random
fracture network, has a power-law s-distribution. The contribution of such displacements to
the plume transport at a given time would depend on a sampling of the higher velocities,
i.e., the small ξ region of �(ξ). These types of events suggest the need for a coupled ψ(s, t)
between a power law in time and a Lévy [19, 20] walk in space [16, 18, 21]. As noted above,
the decoupled form has been effective in many applications to transport in porous and frac-
tured media. The fully coupled solutions of the CTRW pde that we develop here represent
an additional tool to use in systems to be explored that have extensive spatial correlations.

The purpose of this paper is to present a solution of this CTRW pde, which is the first
one for a fully coupled ψ(s, t), and demonstrate the resulting enhanced transport behav-
ior. This behavior is most significant when the ψ(s, t) contains, in addition to an algebraic
(power-law) t -dependence, a power-law dependence on s (a Lévy-like distribution, but lim-
ited by the finite velocity v = s/t at each step). We are, basically, exploring the effect of
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the rare event of a large spatial displacement in the context of the wide spectrum of tran-
sition times. The interplay of the power-law distributions in spatial displacements and in
time are displayed in our solutions for the breakthrough curves. The broader the s-tail, the
more extended the dispersion due to the algebraic t -dependence and the greater the change
in the early time arrivals as shown in the breakthrough curves of concentration vs. time.
Recent particle tracking results using the coupled ψ(s, t) have exhibited this same type of
behavior [9].

In Sect. 2 we review the development of the CTRW pde for the coupled mode ψ(s, t). We
focus on the problem of particles migrating in the complex flow field of a water-saturated
geological formation, which is heterogeneous at multiple spatial scales. The transitions con-
sist of a displacement s and velocity v chosen from ψ(s, t) where v = s/t . Special attention
is paid to obtaining analytic forms for the Laplace Transform of ψ(s, t). The spatial mo-
ments of the latter ψ̃(s, u), where u is the Laplace variable, are numerically determined and
inserted into the coupled CTRW pde. The numerical solution involves the inverse Laplace
Transform, which is a difficult step and accomplished here for the first time with a coupled
ψ(s, t). The results for the particle concentration c(s, t) are used to calculate breakthrough
curves. In Sect. 3 we show the breakthrough curves as a function of the parameters de-
termining ψ(s, t) and the flow conditions, and observe all the features associated with the
quantitative changes in chemical plume propagation. The particle tracking results of [9] have
exhibited similar dependencies of the parameters of ψ(s, t).

2 Coupled Transport Equation

There are a number of approaches that have been used to calculate transport properties
of disordered systems. If there is sufficient characterization of the system one can solve a
standard transport equation, the Master Equation,

∂C(s, t)
∂t

= −
∑

s′
w(s′, s)C(s, t) +

∑

s′
w(s, s′)C(s′, t) (1)

for C(s, t), the normalized particle density, for a single realization of the system. The so-
lution of (1) depends on the site distribution {s} and the transitions between them w(s, s′).
The result can subsequently be averaged over an ensemble of system configurations [14]. If
the system is highly heterogeneous and not well characterized, as are geological formations,
another approach is to ensemble average the Master Equation and determine a Generalized
Master Equation (GME) [15, 23]

∂c(s, t)
∂t

= −
∑

s′

∫ t

0
φ(s′ − s, t − t ′)c(s, t ′)dt ′ +

∑

s′

∫ t

0
φ(s − s′, t − t ′)c(s′, t ′)dt ′. (2)

The GME is equivalent to a continuous time random walk (CTRW) with the relationship (in
Laplace space)

φ̃(s, u) = uψ̃(s, u)

1 − ψ̃(u)
, ψ̃(u) =

∑

s

ψ̃(s, u) (3)

where f̃ (u) denotes the Laplace transform (LT) of f (t); using LT and a discrete Fourier
Transform the formal solution of (2) in the form of a coupled CTRW on a lattice with
periodic boundary conditions is contained in [22]. The asymptotic behavior of this solution
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was explored in [24]. The pdf ψ(s, t) is generated by the spectrum of transitions w(s, s′) of
the system (details in [23]).

The next step in deriving the CTRW pde transport equation is the expansion of c(s′, t) in
the GME (2) [4]

c(s′, t) ≈ c(s, t) + (s′ − s) · ∇c(s, t) + 1

2
(s′ − s)(s′ − s) : ∇∇c(s, t) (4)

with the dyadic symbol : denoting a tensor product.
The insertion of (4) into the GME (2) yields, in Laplace space [3, 8]

uc̃(s, u) − c0(s) = −v∗(u) · ∇ c̃(s, u) + D∗(u) : ∇∇ c̃(s, u) (5)

where we define an advective component

v∗(u) ≡
∫

φ̃(s, u)sds = u

∫
ψ̃(s, u)sds

1 − ψ̃(u)
(6)

and a dispersive component

D∗(u) ≡ 1

2

∫
φ̃(s, u)ssds = u

2

∫
ψ̃(s, u)ssds

1 − ψ̃(u)
. (7)

Observe that the GME does not separate the transport into advective and dispersive compo-
nents of the motion. Here, too, the separation is only apparent. In fact, the u-dependence of
(6) and (7) indicates that the nonlocality in time (cf. discussion following (26) in [4]) applies
to both the advective and dispersive parts of the motion, where v∗(u) and D∗(u) are different
spatial moments of the same distribution φ̃(s, u) and are hence connected.

It has been shown that the approximation of using a decoupled form ψ(s, t) = p(s)ψ(t)

is effective for a compact distribution of displacements [9]. A departure in the properties of
plume propagation (a pulse of particles) occurs for a broad distribution of s (a power law as
in a Lévy distribution). The enhanced transport behavior of both an algebraic dependence of
s and t of ψ(s, t) has been explored using particle tracking [9]. In this paper we explore for
the first time the solutions of the fully coupled form of (5) and demonstrate an enhancement
of transport behaviors over ones reported in the literature.

2.1 A Model of Coupled Propagation

Each transition consists of a choice of displacement s with a distribution F(s) and one in
velocity (determined by the steady state flow field) �(ξ) (where ξ = 1/v, v = velocity). The
distributions are each normalized. The space-time coupling is through the velocity t = sξ :

ψ(s, t) = F(s)
�(t/s)

s
(8)

where we use the relation δ(sξ − t) = δ(ξ − t
s
)/s. For F(s) we use a product form for the

angular variable

F(s)ds = sd−1p(s)ds�(ω)dω (9)

where the angle vector ω is distributed according to �(ω). The spatial moments of ψ(s, t)
are

μ
(1)
i (t) = aiμ

(1)(t), μ
(2)
ij = bijμ

(2)(t) (10)
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where

μ(ι)(t) =
∫ ∞

0
dssd−2sιp(s)�(t/s) (11)

and

ai =
∫

dω�(ω)fi(ω), bij =
∫

dω�(ω)fi(ω)fj (ω). (12)

The fi(ω) are the direction functions (for d = 2 dimensions, f1(ω) = cos(ω) and f2(ω) =
sin(ω)).

We present expressions using the latter forms but all our simulation results here are per-
formed in 2d domains. For the 2d case we use two normalized versions of �(ω): a uniform
distribution

�u(ω) = 2

π
�

(
π2

16
− ω2

)
(13)

and a normal distribution

�n(ω) = exp(−ω2/2σ 2
n )/σn

√
2π (14)

where �(χ) is the Heaviside function. Using (13), (14) respectively, ai = δi1[2
√

2/π,

exp(−σ 2
n /2)] and bij = δij bi, b3/2∓1/2 = [1/2 ± 1/π,1/2 ± exp(−2σ 2

n )/2].
For p(s) in (9) we focus on a Lévy-like distribution

p(s ′) = Cs

exp(−s ′/λ2)

(s ′
1 + s ′)1+α

. (15)

Using the same functional notation but with a dimensionless spatial displacement (with a
normalization constant Cs defined in this form), we have

p(s) = exp(−s/s2)

(s ′
1)

2 I(1 + s)1+α
(16)

with s = s ′/s ′
1 and s2 = λ2/s

′
1 and

I =
∫ ∞

0
dse−s/s2

s

(1 + s)1+α
= s1−α

2 exp(1/s2)

[
�(1 − α,1/s2) − 1

s2
�(−α,1/s2)

]
, (17)

where �(a, x) is the incomplete gamma function formula 6.5.3 in [1].
The velocity distribution is

�(ξ) = Cξϒ(ξ)
exp(−ξ/λ1)

(cξ + ξ)1+β
(18)

where we use for ϒ(ξ) governing the high velocity or low ξ behavior,

ϒ(ξ) = exp(−ξ0/ξ), (19)

where Cξ is the appropriate normalization constant, cξ is a constant and λ1 is a cut-off. The
forms for �(ξ) in (18) and (19) are chosen to provide flexibility in the character of the ve-
locity spectrum. The high ξ dependence has the form of a truncated power-law, which gives
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rise to a power-law time dependence associated with non-Fickian transport [8]. In order to
minimize the extent of the numerical work in the solution of the pde (5) we specialize the
parameters in (18) and (19):

�(ξ) = Cξ exp(−ξ0/ξ) exp(−ξ/λ1)ξ
−1−β. (20)

We set cξ = 0; the parameter cξ plays the role of a scale factor but is not needed in (18) as ξ0

can play that role. The values of β , which determine the extent of the power-law dependence,
are chosen to be restricted to β = 1/2,3/2 in order to obtain an analytic Laplace transform of
(18) (t = sξ ). These values of β correspond to different regimes of dispersion. The particle
tracking results in [9] have been obtained in these regimes. The normalized forms are

�(t/s ′)/s ′ = exp(−χ/2t − t/τ + (2χ/τ)1/2)

χ(2π)1/2

(
χ

t

)3/2

, β = 1/2, (21)

�(t/s ′)/s ′ = exp(−χ/2t − t/τ + (2χ/τ)1/2)

χ(2π)1/2((2χ/τ)1/2 + 1)

(
χ

t

)5/2

, β = 3/2 (22)

with χ = 2st1, t1 = s ′
1ξ0, τ = st2 = ss ′

1λ1.
The Laplace Transform of �(t/s ′)/s ′ is

�̃(u)/s ′ = exp(−(2χu + 2χ/τ)1/2 + (2χ/τ)1/2), β = 1/2, (23)

�̃(u)/s ′ = e−(2χu+2 χ
τ )1/2+(2 χ

τ )1/2 (2χu + 2 χ

τ
)1/2 + 1

(2 χ

τ
)1/2 + 1

, β = 3/2. (24)

2.2 Integrals for Spatial Moments of ψ̃(s′,u)

The moments that enter (6) and (7) are, using (16) for p(s) and setting for typesetting con-
venience r(s, u) = 2(

t1
t2
)1/2(1 − (st2u + 1)1/2)

μ̃(ι)(u) = (s ′
1)

ι

s1−α
2 I ∗

∫ ∞

0
ds

s1+ι e−s/s2

(1 + s)1+α
exp(r(s, u)), β = 1/2 (25)

and

μ̃(ι)(u) = (s ′
1)

ι

s1−α
2 I ∗

∫ ∞

0
ds

s1+ι e−s/s2

(1 + s)1+α

[
1 − r(s, u))

2(
t1
t2
)1/2 + 1

]
exp(r(s, u)), β = 3/2 (26)

with

I ∗ ≡ s−1+α
2

∫ ∞

0
ds

s e−s/s2

(1 + s)1+α
= e1/s2

[
�

(
1 − α,

1

s2

)
− 1

s2
�

(
−α,

1

s2

)]
. (27)

The moments μ̃(ι)(u) determine the u-dependent coefficients of the pde in Laplace space.
We change the variable s = xs2 with the result

μ̃(ι)(u) = (s ′
1s2)

ι

I ∗

∫ ∞

0
dxx1+ι e−x

( 1
s2

+ x)1+α
exp(r(xs2, u)) (28)
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and

μ̃(ι)(u) = (s ′
1s2)

ι

I ∗

∫ ∞

0
dx

x1+ι e−x

( 1
s2

+ x)1+α

[
1 − r(xs2, u))

2(
t1
t2
)1/2 + 1

]
exp(r(xs2, u)) (29)

for β = 1/2 and 3/2, respectively. It is numerically convenient to use

1 − μ̃0(u) = 1

I ∗

∫ ∞

0
dxx

e−x

( 1
s2

+ x)1+α
[1 − exp(r(xs2, u))] (30)

and

1 − μ̃0(u) = 1

I ∗

∫ ∞

0
dx

x e−x

( 1
s2

+ x)1+α

{
1 −

[
1 − r(xs2, u))

2(
t1
t2
)1/2 + 1

]
exp(r(xs2, u))

}
(31)

for β = 1/2 and 3/2, respectively, for the zeroth moment in (6), (7). In the other expressions
ι = 1,2. The moments μ̃(ι)(u) determine the u-dependent coefficients of the pde in Laplace
space (5).

The parameter controlling the u → 0 limit is the reciprocal of s2t2, and s2 controls the
magnitude of the exponent in the integrals so we cannot make s2 too large. We will typically
use s2 = 104, t2 = 104, 105, and α =1.8, 2.5.

We note that the expressions (28), (29) for μ̃(ι)(u)ι = 1,2 and (30), (31) for 1 − μ̃0(u)

have a common factor 1
I∗ . Hence inserting these expressions into (6) and (7),

v∗
i (u) = ait

∗uv

s2

∫ ∞
0 dx x2 e−x

( 1
s2

+x)1+α
exp(r(xs2, u))

∫ ∞
0 dx x e−x

( 1
s2

+x)1+α
[1 − exp(r(xs2, u))] (32)

and

D∗
ij (u) =

bij t
∗uvαDs2

2

∫ ∞
0 dx x3 e−x

( 1
s2

+x)1+α
exp(r(xs2, u))

2
∫ ∞

0 dx x e−x

( 1
s2

+x)1+α
[1 − exp(r(xs2, u))] (33)

for β = 1/2, and

v∗
i (u) = ait

∗uv

s2

∫ ∞
0 dx x2 e−x

( 1
s2

+x)1+α
[1 − r(xs2,u))

2(
t1
t2

)1/2+1
] exp(r(xs2, u))

∫ ∞
0 dx x e−x

( 1
s2

+x)1+α
{1 − [1 − r(xs2,u))

2(
t1
t2

)1/2+1
] exp(r(xs2, u))} (34)

and

D∗
ij (u) =

bij t
∗uvαDs2

2

∫ ∞
0 dx x3 e−x

( 1
s2

+x)1+α
[1 − r(xs2,u))

2(
t1
t2

)1/2+1
] exp(r(xs2, u))

2
∫ ∞

0 dx x e−x

( 1
s2

+x)1+α
{1 − [1 − r(xs2,u))

2(
t1
t2

)1/2+1
] exp(r(xs2, u))} (35)

for β = 3/2, where s ′
1/t∗ = v and s ′

1/t1 = 1/ξ0 and s ′
1 = αD (we usually set t∗ = t1).

We evaluate the integrals in (32), (34), (33) and (35) numerically using the Gaussian type
formula 25.4.45 in [1]. Inserting the appropriate values of (13) or (14) into (32), (34), (33)
and (35) we determine the coefficients in (5). The inverse Laplace Transform algorithm of
de Hoog et al. [7] was employed to invert the numerical solution of (5) to obtain c(s, t). The
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Fig. 1 Breakthrough curves (step input) with the parameters t1 = 0.01 s, t2 = 105 s, s2 = 104 cm,
αD = 0.05 cm, Qin = 2 ml/min, with β = 1/2 and α = 1.8 (dashed line) and α = 2.5 (solid line)

numerical stability of the Laplace inversion depends on the input parameters. The range of
parameters we use provides a very useful set of solutions, which determine the breakthrough
curves that we exhibit in Figs. 1–4 in Sect. 3.

3 Results and Discussion

In each of Figs. 1–3, the breakthrough curves correspond to a step input of normalized
particle concentration and in Fig. 4 to a pulse input. For these figures the values chosen
for the parameters are representative dimensions, L = 25 cm, d = 2 cm, porosity n = 0.35,
diffusivity, αD = 0.05 cm and flow rate, Qin = 2 ml/min. The parameters of the distribution
pdf (16) and (21), (22) (with the subsequent definitions) are chosen to set the time scale
and to allow a large region of power law dependence: t2 = 105 s, s2 = 104 cm. The variable
parameters are β, t1, α.

In Figs. 1 and 2 we show the effects on the breakthrough curve of varying α for each of
the β values. In Fig. 1 the breakthrough curve is evaluated for the highly dispersive regime
of β = 1/2 and hence the change in α from 1.8 to 2.5 (which leads to a more Gaussian-like
distribution) produces a large shift. The earlier arrival of the α = 1.8 relative to the α = 2.5
is striking and is a key result. Similar change with α can be seen in Fig. 6 in [9]. The origin
of this dependence can be seen in Fig. 4 in [9]. The enhanced transport due to a power law
in displacements leads to a different mix of transitions. The earlier time large displacements
clearly influence the broad tail due to the power law in time. The result is earlier arrivals for
the larger dispersion in s and hence the behavior as seen in Fig. 1. In Fig. 2 the breakthrough
curve is in the less dispersive regime of β = 3/2 and the effect of varying α is reduced but
the relative behavior is the same as in Fig. 1. Note that each of the breakthrough curves in
Fig. 2 covers a much narrower range from arrival to saturation than those in Fig. 1. This is
clearly shown in Fig. 3 for the two different β values for a fixed value of α. In Fig. 4 we vary
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Fig. 2 Breakthrough curves (step input) with the parameters t1 = 0.01 s, t2 = 105 s, s2 = 104 cm,
αD = 0.05 cm, Qin = 2 ml/min, with β = 3/2 and α = 1.8 (dashed line) and α = 2.5 (solid line)

Fig. 3 Breakthrough curves (step input) with the parameters t1 = 0.01 s, t2 = 105 s, s2 = 104 cm,
αD = 0.05 cm, Qin = 2 ml/min, with α = 1.8 and β = 1/2 (solid line) and β = 3/2 (dashed line)

t1 and keep t∗ constant, i.e., this is equivalent to varying ξ0 and the behavior mimics that of
Fig. 7 in [9]. In the case when there is a higher proportion of higher velocities there is more
opportunity in any time interval to allow larger displacements and hence earlier arrivals (the
cutoff for the higher velocities is v < 1/ξ0). The two breakthrough curves in Fig. 4 illustrate
the subtlety of the coupled dynamics; with a fixed α and β different results were obtained
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Fig. 4 Breakthrough curves (pulse input, linear scale) with the parameters t∗ = 0.1 s, t2 = 105 s,
s2 = 104 cm, αD = 0.05 cm, Qin = 2 ml/min, with α = 1.8 and β = 1/2 and t1 = 0.01 (solid line) and
t1 = 0.1 (dashed line)

by simply changing the proportion of the high velocity part of �(ξ). The solid curve has
features that could distinguish it from the more dispersive decoupled breakthrough curves.
It is highly abrupt and peaked in the early times while having a long time tail. However the
dashed line does not have these features. In fitting experimental breakthrough curves, the
need to use a coupled CTRW cannot be determined solely by a definitive breakthrough curve
shape but rather by knowledge of the system structure (e.g., a random fracture network) and
the values of the parameters (as compared to a fitting with a decoupled CTRW).

There is clearly an interplay between the power-laws in s and t . In Fig. 1 the dashed line
(α = 1.8) has a total dispersion width of nearly four orders of magnitude while the width
of the solid line (α = 2.5) is close to three orders of magnitude. Even though in this regime
of β = 1/2 the dispersion is dominated by the (power-law) t -dependence of ψ(s, t) the
dispersion is enhanced by the extent of the power-law in s. In Fig. 2 in the β = 3/2 regime
there is less overall dispersion and the effect of α is reduced (Fig. 3 shows the change
in dispersion of a shift in β values). As observed by all the results the coupled ψ(s, t)
is sufficient to limit the large displacements of p(s) (16) in each time range and provide
convergence of the moments (25), (26). This is a crucial step in exhibiting the enriched
plume propagation behavior of the coupled CTRW pde transport equation, which is the
main result of this paper.
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